Abstract. Lisa Traynor has described an example of a two-component Legendrian 'circular helix link' Λ 0 ⊔ Λ 1 in the 1-jet space of the circle (with its canonical contact structure) that is topologically but not Legendrian isotopic to the link Λ 1 ⊔ Λ 0 . We give a complete classification of the Legendrian realisations of this topological link type.
Introduction
There has recently been considerable progress towards the classification of Legendrian knots and links in contact manifolds, e.g. [3, 5, 8, 1] . For a general introduction to this topic see [2] . In [9] , Lisa Traynor described an intriguing example of an ordered Legendrian two-component link that is topologically but not Legendrian isotopic to the link obtained by reversing the order of the two components. The purpose of the present short note is to give a complete classification of the Legendrian realisations of this topological link type.
Let J 1 (S 1 ) = T * S 1 × R = {(q, p, z) : q ∈ R/2πZ, p, z ∈ R} be the 1-jet space of S 1 with its standard contact structure ξ = ker(dz − p dq).
Here p denotes the fibre coordinate in T * S 1 , and z the coordinate in the R-factor of J 1 (S 1 ). The graph of any smooth function f : S 1 → R lifts to a Legendrian knot
The linear interpolation between two smooth functions f, g : S 1 → R gives rise to a Legendrian isotopy between Λ f and Λ g . The following theorem, therefore, is rather surprising. Here we write Λ s for the Legendrian knot corresponding to the constant function of value s ∈ R, oriented by the variable q.
Theorem 1 (Traynor). The ordered Legendrian links
The purpose of this note is to give a complete classification of the Legendrian realisations of the topological link type Λ 0 ⊔ Λ 1 in (J 1 (S 1 ), ξ), see Theorem 2. In order to state the theorem, we need to recall the definition of the classical invariants of a Legendrian knot in (J 1 (S 1 ), ξ).
Legendrian knots in
By identifying S 1 with R/2πZ, we can visualise a Legendrian knot
where the quantities on the right are computed from the front projection of K. This is the signed number of crossing changes required to 'unlink' K from its push-off K ′ in the z-direction (i.e. transverse to ξ), that is, the number of crossing changes that will allow one to separate the two knots in J 1 (S 1 ). In [1] we described an explicit contactomorphism bewteen (J 1 (S 1 ), ξ) and the complement of a standard Legendrian unknot in S 3 with its standard contact structure. This allows one to relate tb(K) to the Thurston-Bennequin invariant of its image in S 3 . In particular, these considerations show that the maximal ThurstonBennequin invariant of Legendrian realisations L 0 of the topological knot type Λ 0 is tb(L 0 ) = 0, and this maximal value is realised by the Legendrian knot Λ 0 .
The rotation number of K is defined in terms of the front projection as
with c ± the number of cusps oriented upwards or downwards, respectively. There are definitions of these invariants that do not rely on the front projection, and which show that tb and rot are in fact Legendrian isotopy invariants, cf. [1] .
The discussion in [1] also shows that the Thurston-Bennequin inequality for L 0 takes the form
The classification result
The stabilisation S ± (K) of a Legendrian knot K in (J 1 (S 1 ), ξ) is the Legendrian knot whose front projection is obtained from that of K by adding a 'zigzag' as in Figure 1 . A zigzag oriented downwards gives a positive stabilisation S + , while a zigzag oriented upwards gives S − . Hence
Stabilisations are well-defined and commute with each other.
, where
In particular, the phenomenon observed by Traynor disappears with the first stabilisation. Theorem 2 is proved by a method analogous to that in [3, 1] . In [1] , one of the key ingredients was the classification of tight contact structures on a thickened torus T 2 × [0, 1], here it is the classification of tight contact structures on the product of a pair of pants with a circle, as obtained by Etnyre and Honda [4] . The other main ingredient is convex surface theory in the sense of Giroux; the exposition given in Section 3 of [3] is sufficient for our purposes.
Proof. (a) For R > 0, consider the solid torus
As meridian µ of this solid torus we may take the curve on ∂M R given by q = 0, as longitude λ the curve given by (p, z) = (R, 0). The vector field X := p∂ p + z∂ z satisfies L X (dz − p dq) = dz − p dq, so it is a contact vector field for ξ. Hence ∂D R is a convex torus whose dividing set -the set of points where X ∈ ξ -consists of two longitudes; i.e. these dividing curves have slope ∞ with respect to (µ, λ).
Since tb(Λ 0 ) = tb(Λ 1 ) = 0, we find disjoint tubular neighbourhoods N 0 , N 1 of these two knots with convex boundary having two dividing curves of slope ∞. Likewise, we may choose disjoint tubular neighbourhoods V 0 , V 1 of L 0 , L 1 , respectively, with convex boundary of the same kind. These neighbourhoods are contactomorphic by a diffeomorphism preserving the longitude (and, obviously, the meridian). We may assume that R has been chosen large enough such that these four tubular neighbourhoods are contained in Int(M R ).
Write Σ for a pair of pants, i.e. a disc with two open discs removed. Both
All the boundary tori are convex of slope ∞ with respect to ξ. As shown in Lemma 10 and Lemma 11 of [4] , this information determines the tight contact structure on Σ × S 1 up to a permutation of the two interior 'holes', in other words, we find a contactomorphism
that is identical on ∂M R , and sends (∂V 0 , ∂V 1 ) to (∂N s0 , ∂N s1 ) for some permutation (s 0 , s 1 ) of (0, 1), preserving the corresponding longitudes and meridians.
We can extend φ to a contactomorphism of (
and equals the identity map outside M R . As explained in the proof of [1, Thm. 3.3] , such a contactomorphism is contact isotopic to the identity. This yields the Legendrian isotopy of
, with boundary curves L 0 and Λ s for some large constant s. The surface framing of L 0 and Λ s determined by A corresponds to the vector field ∂ z , so does the contact framing of Λ s , which satisfies tb(Λ s ) = 0. Since tb(L 0 ) < 0, the contact framing of L 0 determined by ξ makes at least one negative (i.e. left) twist relative to its surface framing. The condition that the contact structure ξ twists non-positively relative to the surface framing along either boundary component of A is precisely what is needed to invoke [6, Prop. 3.1] , which tells us that we can find a C 0 -small perturbation of A rel L 0 , Λ s (keeping it disjoint from L 1 ) into a convex surface. Moreover, by a result of Kanda [7] , cf. 
for some permutation (s 0 , s 1 ) of (0, 1). From the behaviour of the classical invariants tb and rot under stabilisation it follows that the relation between k i , l i and tb(L i ), rot(L i ) is as described in the theorem. It remains to be shown that in fact either permutation gives the same Legendrian isotopy class, provided there is at least one stabilisation. For that, it suffices to describe a Legendrian isotopy between, say, Λ 0 ⊔ S + (Λ 1 ) and Λ 1 ⊔ S + (Λ 0 ); the picture for a single negative stabilisation is analogous. Figure 2 indicates that a couple of Legendrian Reidemeister moves of the second kind will do the job.
